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Quantum thermodynamics can be understood as a resource theory, whereby thermal states are free and
the only allowed operations are unitary transformations commuting with the total Hamiltonian of the
system. Previous literature on the subject has just focused on transformations between different state
resources, overlooking the fact that quantum operations which do not commute with the total energy also
constitute a potentially valuable resource. In this Letter, given a number of nonthermal quantum channels,
we study the problem of how to integrate them in a thermal engine so as to distill a maximum amount of
work. We find that, in the limit of asymptotically many uses of each channel, the distillable work is an
additive function of the considered channels, computable for both finite dimensional quantum operations
and bosonic channels. We apply our results to bound the amount of distillable work due to the natural
nonthermal processes postulated in the Ghirardi-Rimini-Weber (GRW) collapse model. We find that,
although GRW theory predicts the possibility of extracting work from the vacuum at no cost, the power
which a collapse engine could, in principle, generate is extremely low.
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The field of quantum thermodynamics has seen a surge
in interest in the past years, with increasing attention
towards testing the validity of the rules of classical
thermodynamics in the quantum regime. A major topic
within thermodynamics is that of extracting work out
of a given system and the optimal way to perform this.
One way this has been approached in the quantum case
was by considering it from the perspective of a resource
theory.
The idea of a resource theory of thermodynamics is to
assume one has unlimited access to thermal baths (i.e.,
Gibbs states of a fixed temperature T), the freedom to apply
any energy conserving unitary on system plus the bath
(any unitary V that commutes with the total Hamiltonian),
and the possibility of discarding part of the system or bath
(i.e., apply partial traces). These rules are imported from
classical thermodynamics, where one assumes access to
infinite baths of constant temperature and any evolution
where energy is conserved.
As a matter of fact, resource theories have been very
useful in different topics within quantum information
theory [1–4]. The idea is similar to above: considering
free access to certain operations and/or states, any state and/
or operation that is not in the above set can, in principle, be
used as a resource.
This Letter complements previous research in quantum
thermodynamics by accommodating the possibility of
considering nonthermal maps, or channels, as a resource.
Physical operations are represented by quantum channels,
i.e., completely positive trace preserving maps Ω∶ BðHÞ →
BðH0Þ acting on a state space BðHÞ. For simplicity, we will
assume that the input and output spaces (and, as we will see
later, Hamiltonians) of each channel are the same, although
the results can be easily generalized.
Unitary evolution is a particular instance of a quantum
channel, determined by the evolution operator. However,
quantum channels allow us to express more general
evolutions. For instance, any unitary interaction of a system
with an ancilla (or environment) generates a quantum
channel, given by
ΩðρÞ ¼ TrA½Vρ ⊗ σAV†; ð1Þ
where σA is the state of the ancilla, and V is some unitary
operator In fact, it can be shown that any channel can be
generated via the above procedure [5].
If, in the above expression, the ancilla is in a Gibbs state of
temperature T and the unitary V commutes with the total
Hamiltonian HT ¼ HS ⊗ 1A þ 1S ⊗ HA of the target-
ancilla system, the resulting map is called a thermal channel.
These will be the free operations in our theory, while any
nonthermal map Ω will be considered as a resource.
In this scenario, we define quantum work W as the
process of exciting a two-level system with Hamiltonian
H ¼ Wj1ih1j from its ground state j0i to the excited state
j1i [6]. Different authors have explored how much work
one can extract from a nonthermal quantum state [6–12].
When we regard the maximum average work as a figure of
merit, a quantum generalization of the classical free energy
naturally emerges [6,7,12]
FðρÞ ¼ UðρÞ − KBTSðρÞ: ð2Þ
Here, ρ is the state of the system from which we wish to
extract work; UðρÞ ¼ Tr½ρH, its average energy; and
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SðρÞ ¼ −Tr½ρ log ρ, its von Neumann entropy. KB is
Boltzmann’s constant. The maximum amount of work
one can extract (on average) from the state ρ can then
be shown to be FðρÞ − FðτthÞ, where τth represents the
thermal state at temperature T.
In this Letter, we want to address the following related
problem: suppose we want to build a thermal engine, where
we are allowed to integrate a number of nonthermal gates
fΩigNi¼1, each of which is assumed to act on a system with
Hamiltonian Hi. More specifically, our machine can make
free use of any amount of thermal states and operations,
and we can invoke one use of each of the channels fΩigNi¼1,
in any order we want at any step. We are also allowed to use
catalysts; i.e., we can use any number of nonthermal states,
as long as we return them in the end. Under these
conditions, what is the maximum amount of work that
our device can extract?
There are two ways to approach this problem: (1) We can
restrict to thermodynamical processes which distill work
deterministically, i.e., always the same amount. The cor-
responding deterministic extractable work can then be
shown to behave very badly: not only is it not additive,
but it can be superactivated. That is, there exist channels Ω
such that no work can be distilled from a single use, but two
uses of the channel can be combined to produce a nonzero
amount of deterministic work (see the Supplemental
Material [13]). (2) Alternatively, we can consider thermo-
dynamical processes which generate a given amount of
work with high probability. Here, the figure of merit would
be the maximum amount of work that can be distilled
asymptotically (on average) when we have access to n uses
of each channel.
We will follow the second approach: In the next pages,








with ΔFðρ;ΩÞ denoting the free energy difference between
the states ΩðρÞ and ρ, i.e.,
ΔFðρ;ΩÞ≡ Tr½fΩðρÞ − ρgH − KBT½SfΩðρÞg − SðρÞ:
ð4Þ
The quantityWðΩ; HÞ will be called the distillable work of
channel Ω. From the inequality ΔFðτth;ΩÞ ≥ 0, it follows




i¼1WðΩi; HiÞ can be achieved asymptoti-
cally via a simple protocol where we prepare suitable initial
states σcat (the catalysts) maximizing Eq. (3) for each
channel, and then, let each channel act over its correspond-
ing maximizer. The result of this protocol will be a state
with free energy FðσcatÞ þ
P
N
i¼1WðΩi; HiÞ. Given access
to n uses of each channel, we can, thus, prepare n copies of
the latter state, whose free energy can be converted to work
via thermal operations using the protocol depicted in [7].
Following [7], part of this Letter [roughly nFðσcatÞ] can then
be used to regenerate the catalysts up to a small error [14].
The average work extracted with this procedure (namely, the




Note, though, that, unless the catalysts are diagonal in
the energy basis, an extra amount of coherence, sublinear in
n, may be needed to rebuild them (see Appendix E of [7]).
More specifically, for each energy transition Es → Et in the
Hamiltonian Hi, the protocol proposed in [7] requires a
system with HamiltonianHs;ti ¼
POðmÞ
k¼0 ðEs − EtÞkjkihkj in
state ð1= ffiffiffiffimp ÞPmk¼0 jki, with m sublinear in the number n
of uses of each channel. Like the catalyst states, at the end
of the protocol, such “coherent states” will be approxi-
mately rebuilt with vanishing error.
In order to prove the above result, and some later ones,
the next lemma will be invoked extensively.
Lemma 1.—Let σðNÞ be an N-partite quantum state, and
let fΩigNi¼1 be a collection of N single-site quantum






SðσiÞ − S½ΩiðσiÞ ≥ SðσðNÞÞ − S½Ω1;…;NðσðNÞÞ: ð5Þ
The proof is a straightforward application of the con-
tractivity of the relative entropy [15].
An almost immediate consequence of Lemma 1 is that
WðΩ; HÞ, as defined by Eq. (3), has the remarkable property
of being additive. That is, if the bipartite system 12 is
described by the Hamiltonian H12 ¼ H1 ⊗ 12 þ 11 ⊗ H2,
and the channels Ω1 and Ω2 act on the respective Hilbert
spaces H1;H2, then, WðΩ1 ⊗ Ω2; H12Þ ¼ WðΩ1; H1Þþ
WðΩ2; H2Þ.
Indeed, let Ω12 ≡Ω1 ⊗ Ω2 act on the bipartite state ρ12.
By choosing ρ12 ¼ ρ1 ⊗ ρ2 in (3), we trivially have
WðΩ1⊗Ω2;H12Þ≥WðΩ1;H1ÞþWðΩ2;H2Þ, since maxi-
mizing over states in 12 is more general than maximizing
over 1 and 2 independently. Let us then focus on the opposite
inequality. By Lemma 1, we have
X
i¼1;2
SðρiÞ − S½ΩiðρiÞ ≥ Sðρ12Þ − S½Ω12ðρ12Þ: ð6Þ
Substituting into (3) gives
X
i¼1;2
ΔFðρi;ΩiÞ ≥ ΔFðρ12;Ω12Þ ∀ ρ12: ð7Þ
It follows that
P
i¼1;2WðΩi; HiÞ ≥ WðΩ12; H12Þ.
We are now ready to prove that WðΩ; HÞ quantifies the
maximum (average) amount of work one can extract from
channel Ω.
Proposition 1.—Let fΩigNi¼1 be a set of quantum
channels, defined over different quantum systems with




Hamiltonians fHigNi¼1. Suppose we integrate n uses of all
such channels in a thermal engine T n that produces a net
amount of workWn with probability 1 − ϵn. Let us, further,
assume that the probability of failure vanishes in the limit of
large n, i.e., limn→∞ϵn ¼ 0. Under these conditions, the







As indicated above, this bound is achievable with the use
of catalysts and a sublinear amount of quantum coherence.
Proof.—In any protocol for work extraction, the initial
state of the system will be given by the catalysts σcat, a
number of thermal states τth, and the work system in
state j0iw. The initial state of the system is, hence,
ρ0≡σcat ⊗ τth⊗ j0ih0jw, with free energy FðσcatÞ þ FðτthÞ.
Suppose that now we apply a sequence of energy-
conserving unitaries. At time t, the state of the overall
system is ρt, and we apply the channel ΩsðtÞ over part of the
whole system, possibly followed by some other thermal
operation. Let us analyze how the free energy of ρt can
increase in the above step. Calling HT the Hamiltonian of
the whole system, from the definition of WðΩ; HÞ and the
additivity of the distillable work we have
ΔFðΩsðtÞ ⊗ 1; ρtÞ ≤ WðΩsðtÞ ⊗ 1; HTÞ ¼ WðΩsðtÞ; HsðtÞÞ:
ð9Þ
Now, any intermediate energy-conserving unitary in
between the use of any two of the channels fΩigNi¼1 will
keep the free energy of the overall system constant. Calling





WðΩi; HiÞ þ FðσcatÞ þ FðτthÞ: ð10Þ
From the subadditivity of the von Neumann entropy, it
follows that Fðρ̄Þ ≥ Fðρ̄catÞ þ Fðρ̄thÞ þ Fðρ̄wÞ, where
σ̄cat; ρ̄th; ρ̄w are, respectively, the reduced density matrices
of the catalyst, thermal, and work systems.
At the end of the protocol, the catalyst must be
regenerated, i.e., σ̄cat ¼ σcat. Also, Fðρ̄thÞ ≥ FðτthÞ. It





This system is expected to end up in state j1i with
probability 1− ϵn, i.e., ρ̄w ¼ ð1 − ϵnÞj1ih1j þ ϵnσ̄. It fol-
lows that Fðρ̄wÞ≥ ð1− ϵnÞWn−KBThðϵnÞ, with hðpÞ ¼
−p lnðpÞ − ð1 − pÞ lnð1 − pÞ. In the asymptotic limit,
with n → ∞, ϵn → 0, the average asymptotic work
limsup
n→∞




Note that this bound also holds if the catalysts are
recovered up to an error, as long asFðσcatÞ−Fðσ̄catÞ≤oðnÞ.▪
This result allows us to quantify the work extraction
capabilities of different channels. One can check, for
instance, that no work can be distilled from a dephasing
channel. Meanwhile, for a two-level system with
Hamiltonian H ¼ Ej1ih1j; E > 0, the channel that takes
any state to the excited state j1i provides the highest
distillable work.
Gaussian channels.—If our target system is infinite
dimensional, in principle, there may exist quantum states
possessing an infinite amount of energy. If we regard such
states as unphysical, we should replace the maximization in
Eq. (3) by an optimization over all states of finite energy.
Hence, the resulting quantity will bound the maximum
amount of work generated in physically conceivable
quantum engines, where the overall state of the system
always has a finite amount of energy.
In infinite dimensional systems, Gaussian quantum
channels have a special relevance: they are easy to imple-
ment in the lab, and are extensively used to model particle
interactions with a macroscopic environment. They are
defined as channels which, when composed with the
identity map, transform Gaussian states into Gaussian
states, the latter being those states with a Gaussian
Wigner function [16]. An m-mode Gaussian state is
completely defined via its displacement vector di ¼ hRii
and covariance matrix γij ¼ hfRi − di1; Rj − dj1gþi,
where ðR1; R2;…; R2mÞ≡ ðQ1; P1;…; Qm; PmÞ are the
optical quadratures. The action of a Gaussian channel is
fully specified by its action over the displacement vector
and covariance matrix, given by
d → Xdþ z; γ → XγXT þ Y; ð11Þ
where Y þ iσ − iXTσX ≥ 0. Here, σ denotes the symplectic
form σ ¼ ⊕mi¼1ð
0 1
−1 0 Þ. If the Hamiltonian of the system
under study happens to be a quadratic function of the
optical quadratures, i.e., H ¼ ~RTG~Rþ ~h · ~R, for some real
symmetric matrix G and real vector ~h, then the average
energy of a state with displacement vector ~d and covariance
matrix γ is given by E ¼ 1
2
Tr½Gγ þ ~dTG~dþ ~h · ~d. Hence,
states with finite energy correspond to states with finite first
and second moments.
When the quadratic Hamiltonian has no zero energy
modes (that is, when G > 0), Proposition 1 allows us to
easily classify generic Gaussian channels according to
their capacity to generate an infinite amount of work.
Indeed, for XTGX − G≰ 0, the channel’s distillable work is
unbounded: this can be seen by inputting a sequence of
Gaussian states with a constant covariance matrix but
increasing displacement vector parallel to any positive
eigenvector of XTGX −G. Conversely, as we show in
the Supplemental Material [13], for channels satisfying
XTGX −G < 0,onlya finiteamountofworkcanbedistilled.




For such channels, there is still the dilemma of how
much work can be extracted. The next Proposition greatly
simplifies this problem by showing that, for Gaussian
channels Ω, the maximization in (3) can be restricted to
Gaussian states.
Proposition 2.—Consider a continuous variable quantum
system of m modes, with quadratic Hamiltonian H, let Ω
be a Gaussian channel mapping m modes to m modes,
and denote by G the set of allm-mode Gaussian states. Then,
WðΩ; HÞ ¼ max
ρ∈G
ΔFðρ;ΩÞ: ð12Þ
The proposition can be proven by combining Lemma 1
with the “gaussification” protocol described in [17], see the
Supplemental Material [13].
SinceWðΩ; HÞ just involves an optimization over a finite
set of parameters subject to positive semidefinite con-
straints, (in principle) it can be computed exactly for any
Gaussian channel Ω.
One application: collapse engines.—In order to address
the measurement problem [18], and, independently, the
decoherence effects that a quantum theory of gravity could
impose on the wave function [19,20], different authors have
proposed that closed quantum systems should evolve









½X; ½X; ρt; ð13Þ
where X is the position operator for the particle considered.
The effect of the nonunitary term is a suppression of
coherences in the position basis, effectively destroying
quantum superpositions. The value of the constant Λ, which
can be interpreted as the rate at which this localization
process occurs, depends on the particular theory invoked to
justify Eq. (13). In the Ghirardi-Rhimini-Weber (GRW)
theory [18], the localization process is postulated to solve
the measurement problem in quantum mechanics. To
achieve this goal and avoid contradictions with past exper-
imental results, Λ must be roughly between 10−2 s−1 m−2
and 106 s−1m−2, according to latest estimations [21].
Note that the above evolution is nonthermal. Hence, it
could be used in principle to extract work from nothingness
by means of a suitable thermal engine. We will call such a
hypothetical device a collapse engine.
To connect this to our previous setting, notice that the
evolution equation (13) defines a quantum channel
ΩδtðρtÞ ¼ ρtþδt; ð14Þ
with ρt the solution of Eq. (13) for the initial state ρ0.
We suppose that the particle under consideration is
subject to a harmonic potential, i.e., H ¼ ðmω2=2ÞX2þ
ð1=2mÞP2, and that, despite the GRW dynamics, the bath’s
temperature T is constant. A physical justification for this
last assumption is that the temperature-increasing GRW
dynamics is countered by radiation from the bath into outer
space. Hence, as a function of time, the temperature will
converge to a stationary value T ¼ Teq above the temper-
ature of the cosmic microwave background (CMB) [22].
Finally, we suppose that our set of resource operations
remains the same: that is, in spite of the modified
Schrödinger equation (13), we can still switch on and
off any unitary interaction that commutes with the total
energy of the system. Notice that the GRW dynamics can
be modeled by an open system approach, where the particle
is interacting with some unknown system such that the
resulting evolution is given by (13). From this viewpoint,
we are simply assuming that we still have the capacity to
interact with the system in the usual way.
In these conditions, we wish to find the maximum
amount of work that a collapse engine could extract if it
had access to the evolution equation (13) for a finite amount
of time t. From Proposition 1, this amounts to comput-
ing limδt→0ðt=δtÞWðΩδt; HÞ.
First, notice that we can (reversibly) evolve the system
with the HamiltoniansH or −H, since this corresponds to a
thermal operation. This implies that we can ignore the first
term in the right hand side of (13), and what remains is a
Gaussian channel given by








It follows that the energy of any input state will increase
by ΔU≡ ðℏ2Λ=4mÞδt. From Proposition 2, we can esti-
mate the entropy increase by just considering Gaussian
states. Now, the entropy of a one-mode Gaussian state is an
increasing function of the determinant of its covariance
matrix [16], which, by the above equation, can only
increase with time. Hence, WðΩδt; HÞ ≤ ΔU.
On the other hand, suppose we input a squeezed state
with γ ¼ diagð1=r;ℏ2rÞ. Then the determinants of the
covariance matrices of initial and final states will be ℏ2
and ℏ2 þ ðℏ2Λδt=2rÞ, respectively. The entropy change of
the state can, thus, be made as small as desired by
increasing the value of r, and so, the above bound can
be saturated, leading to WðΩδt; HÞ ¼ ΔU. Consequently,
the maximum power at which a collapse engine could, in







Using the upper range estimation Λ ∼ 106 s−1 m−2, we
have that a collapse engine powered by a single electron
would produce ðdW=dtÞ ∼ 10−32 W. Assuming total con-
trol over the electrons of a macroscopic sample, one would
need a kiloton of Hydrogen to power a 40W light bulb.




Conclusion.—In this Letter, we addressed the problem of
determining how much work can be extracted from
operational—as opposed to state—resources. We proved
that the solution to this problem in the asymptotic limit is
given by a single-letter formula that quantifies the amount
of distillable work that a channel can, in principle, generate
when supplemented with thermal operations and catalyst
states. Moreover, we found how this quantity can be
determined for bosonic channels and computed it exactly
for the case of the GRW dynamics, hence, determining
the maximum power which a hypothetical collapse engine
could provide for free.
Note that we have only studied operational resources
regarding their capacity to generate work. An interesting
topic for future research is to extend our results and draw a
map of the interconversion relations between different
operational resources. In the case of state resources, there
is a unique monotonic quantity, the free energy, determining
the optimal rates for state transformations [7]. In this Letter,
we have identified an operational monotone, the distillable
work, but we suspect that there may be many others.
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